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Accurate Rigid-Body Modes Representation for
a Nonlinear Curved Thin-Shell Element
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For certain highly curved shells, such as bellows, the formulation of a curved-shell finite element with
curvilinear displacement components may fail to properly model some rigid body modes, even with either the
explicit inclusion of rigid-body terms or the use of high-order displacement functions. It is suggested in this
paper that the rigid-body modes can be properly included if the Cartesian displacement components are used.
A 48-degree-of-freedom (DOF) curved thin-shell element is formulated, and both the curvilinear and the
Cartesian forms are used for this investigation. Examples of the nonlinear analyses of a bellows shell and a
spherical cap are given to demonstrate the advantage of using the Cartesian formulation. Curved elements may
also suffer from membrane locking, which is caused by the inability of an element to bend without stretching.
Numerical data are presented to show that the present element does not membrane lock. Some nonlinear
examples are also presented to further demonstrate the versatility of this element.

Introduction

A PROBLEM that may prove to be of concern in the
definition of displacement functions for curved thin-

shell elements is the assurance of the presence of zero-strain
energy modes of rigid-body displacement.1 The use of high-
order polynomials for curvilinear displacement functions may
include the rigid-body modes implicitly2'4 for a certain class of
shells. Alternatively, curvilinear displacement functions may
be used by including the rigid-body motion terms explicitly.5'6
It has been pointed out,7 however, that, for relatively large
and highly curved shell elements, the former implicit formula-
tion fails to properly include all the rigid-body modes, whereas
the latter explicit formulation becomes too numerically sen-
sitive and may yield a nonconvergent solution. Fonder and
Clough8 explicitly added four rigid-body modes in a cylindri-
cal shell element with 24 DOF9 and found significant im-
provement over the performance of the same element without
this addition. However, after adding all six missing rigid-body
modes to the doubly curved quadrilateral version of the same
element, erroneous results were obtained. It was concluded
that the addition of rigid-body modes is detrimental in shells
of positive or negative Gaussian curvature. Also, a posteriori
addition of rigid-body modes may render the elements incom-
patible along the curved boundaries of an element.

Isoparametric elements10 provide another alternative for the
analysis of shells. These elements avoid the use of a shell
theory and provide for the inclusion of all rigid-body modes.
However, a large number of DOF may result as several nodal
points through the thickness have to be used. They also fail at
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a moderate length-to-thickness ratio due to shear locking.11

Ahmad et al.12 introduced the "degenerated" finite elements.
The three-dimensional governing equations are discretized in
terms of the variables on the midsurface for these elements.
The constraint of straight normals is introduced, and the
strain energy corresponding to the normal stresses is ne-
glected. These elements allow for shear deformations, since
the normals to the midsurface are not restricted to remain
normal after deformation. This element and its numerous
versions have been used for both linear and nonlinear
applications.13'19

The degenerated thick-shell elements, when used to model
thin shells, suffer from the phenomenon called shear locking.
This phenomenon has been explained by, among others,
Ramm,13 Hughes et al.,16 and Hughes and Liu.17 In curved
thin structures, such as arches and shells, where bending is
predominant, the degenerated elements also suffer from
membrane locking20'22 when full orders of integration are
used. These twin phenomena of shear and membrane locking
may be overcome by the use of higher-order elements20'22 or
by resorting to reduced or selective integration as explained
by, among others, Zienkiewicz and Hinton,23 Pugh et al.,24

Hughes et al.,25 and Noor and Anderson.26 Reference 23
provided a heuristic justification for reduced/selective integra-
tion on the basis of constraints. The use of higher-order
elements leads to a large system of nonlinear equations. The
use of reduced/selective integration leads to matrices that are
rank deficient and possess spurious (or zero-energy) modes,
known as the hourglass modes. Stabilization matrices are used
to remove the spurious modes. The stabilization matrices were
given by Jacquotte and Oden27 for linear analysis and by Liu
et al.28 for nonlinear analysis. Hughes and Cohen29 developed
the "Heterosis" elements to obviate the problem of rank
deficiency. Lee and Pian30 developed a mixed formulation as
a means for reducing the constraints of zero transverse shear
strain energy when thick-plate elements are used for analyzing
thin plates. It was shown that certain mixed formulations were
equivalent to displacement formulations with a reduced inte-
gration scheme.
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It is noted that the rigid-body modes are correctly repre-
sented when flat-plate elements are used to model the shell
structures.11 This representation, however, has some major
limitations. For example, the curved shell geometry is repre-
sented only approximately, and the flexural-membrane cou-
pling within an element is not taken into account. Also,
parasitic bending moments may occur due to this physical
idealization. Some other difficulties associated with the
flat-plate elements are singularity with coplanar elements,
low-order membrane strain representation, displacement in-
compatibility, and inability to model imperfect and intersect-
ing shells. A triangular faceted element, free from the prob-
lems faced by the existing flat-plate elements, was presented
by Meek and Tan.11

The rigid-body displacement of a curved member is
curvilinear and can be expressed as a function of trigonomet-
ric functions of the arc angle of the element.1 If polynomial
fields are used to define this curvilinear motion, the trigono-
metric functions will be reproduced only approximately. For a
large arc angle of the element, the error in the approximation
will increase. It follows then that, for an element formulated
in the curvilinear field, the rigid-body modes will deteriorate
when the element is used to model highly curved shells. In this
study, it is shown that exact implicit modeling of the rigid-
body modes for highly curved shell elements can be obtained
by changing the displacement field from curvilinear to a
Cartesian system.

Numerical results for a set of examples are presented using
a 48-DOF curved finite element based on Cartesian displace-
ments. The element is derived using the tensor formulation of
geometrically nonlinear shell theory. The element seems to
exhibit characteristics of a behavior free from both shear and
membrane locking.

Finite-Element Formulations
The finite-element formulations are based on the Love-

Kirchhoff thin-shell theory.31'32 The geometry of the middle
surface of the shell element is described by variable-order
polynomials. The coefficients of these polynomials are based
on the coordinates at given points on the middle surface of the
element. Such a geometric representation allows the modeling
of shell structures with quite an arbitrary distribution of
curvatures.

Displacement Functions
The shell finite element is shown in Fig. 1. It has four nodes,

one at each corner, and each node has 12 DOF. Two sets of
nodal displacements have been investigated in this study:
1) curvilinear displacements and their derivatives with respect
to curvilinear coordinates u,u^u^u^ and the same for v and
w, and 2) Cartesian displacements and their derivatives with
respect to curvilinear coordinates u.u^u^u^ and the same for
v and iv. The same interpolation functions are used for both
the curvilinear and the Cartesian displacement functions,
which are bicubic Hermitian polynomials in the curvilinear
coordinates £ and 17.2>3

Strain-Displacement Relations
The shape of the shell is defined by the middle surface of the

shell and the thickness h. The middle surface, which is smooth
but otherwise of arbitrary shape, is defined by a vector r,
which is given as

/ = 1,2,3 (1)

where xl is a fixed Cartesian coordinate system in three-dimen-
sional space in which the middle surface is embedded, and et is
a unit vector in xl direction, as shown in Fig. 1.

The middle surface is also described by means of a system of
parametric relations

(2)

in which the parameters 6a(a = 1,2) serve as coordinates on
the surface and can be regarded as being an arbitrarily selected
system. The two base vectors, ai and a2 are obtained as
derivatives of r with respect to each component 0°y i.e.,

ta = — ei

The unit normal to the surface 03 is given as

a3 = (a{ x a2)/\ai x a2 1 = Az'e/

where

where eijk is the alternating symbol

c = I \ a i x a 2 \ ] ~ l =

a =
#21 #22

(3)

(4)

(5)

(6)

(7)

(8)

aap is the metric tensor and yields the first fundamental form
of a surface

ds2 = aa (9)

where ds is the distance between two neighboring points at 6a,
and da + dOa(a= 1,2). Similarly, the second fundamental
tensor or the curvature tensor of the surface ba$ is given as32

d2f'
= ' = ' (10)

9 - constant

Fig. 1 A curved quadrilateral 48-DOF thin-shell finite element.
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A point on the middle surface with the coordinates 0a has the
Cartesian coordinates f'(0\d2) in the initial state. After
deformation, the same point has the Cartesian coordinates
/' + u', where ul are the Cartesian components of the dis-
placement vector and give complete information about the
deformation of the middle surface.

In the deformed state, the fundamental and the curvature
tensors take the form aap and 5aj3, respectively:

- (/' + "'Xat/' + "0.0 =7i7i

where

The value of (#)~1/2 can be approximated as

01)

(12)

(13)

where

= (£11*122 (14)

In Eq. (14), ea/3 are the tangential strain measures and are given
as

i = 1,2,3
(15)

The terms u^u^ are the nonlinear terms which are neglected in
linear analysis but retained in the present study.

The curvature measure is given as32

o* = -(fie* - M + (16)

It can be proved, by substituting expressions for ba$ from
Eqs. (12-14) in Eq. (16), that

+ [(/".I/is -fif,le)-

(17)

In Eq. (17),

(18)

In deriving the curvature term in Eq. (17), the nonlinear terms
were neglected. It should be noted that the linear curvature
tensor is valid for problems with moderate bending.33 A linear
curvature tensor is common in several finite-element formula-
tions (see, for example, Refs. 34-36) and several large dis-
placement shell theories. A review of the different nonlinear
theories containing different combinations of quadratic and
cubic terms in curvature tensor was given by Nolte et al.37 The

results for a highly nonlinear example (a hemispherical shell
under ring load) were presented. It was shown that, for
problems with large rotations, higher-order terms in curvature
are important and thus must be taken into account.
Stress-Strain Relations

In the elastic range, the constitutive equations can be given
as

Na@ = H^^e^ (19)

(20)

and Ma/3 are the in-plane stress resultant tensor and the
stress couple tensor, respectively; e^ and £x/i are the tangential
strain tensor and the curvature tensor, respectively; and Ha^
is the tensor of elastic moduli. Equations (19) and (20) can be
written in matrix form as

where D% = (h2/\2)D^. All strains and stresses are defined in
the tensor form as given in Eqs. (19) and (20). When
determining the plastic zones, the strains and stresses must be
converted from tensor form to vector form as

(22)

(23)

so that their physical quantities can be identified.
The stress-strain relations in the plastic range are finally

obtained in a matrix form as

where

[£>£] = [£>«] -

0

[De
m]ia}{a}T[De

m]
A + {a}T[De

m}[a}

(24)

(25)

where [a] is the flow vector, and A is hardening function. The
preceding notations follow those of Refs. 38 and 39.

Solution Procedure
In this study, the incremental solution procedure was used.

Only a brief description of the derivation of the tangent stiff-
ness matrix is given. A detailed description of the derivation
of the incremental equation of motion can be found in, for
example, Ref. 38. Since the total Lagrangian formulation is
used, all field quantities of shell deformations are referred to
the known undeformed shell middle surface. Let u be the dis-
placement vector of a material point in the undeformed shell
middle surface to its position in the deformed configuration.
Let u be the incremental displacement vector of the same
point.

Referring to the undeformed middle surface, the displace-
ment field of the final configuration can be expressed as

u = u + ii (26)

The middle-surface strain tensor ea@ and the curvature tensor
kap are in the following form:

tad = e«0 + ea/3 (27)

lr — I f 4- Ir OS'1^a/S — ^cc/S ' *^a/3 \^°'

where ea$ is obtained by substituting u in Eq. (15). Similarly,
kap and k^ can be obtained by substituting u and u, respec-
tively, in Eq. (17).
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Because of the presence of nonlinear terms in Eq. (15), ea/3
cannot be obtained by merely substituting u in Eq. (15). It is
a function of both ii and «.

It can be shown that the incremental strain tensor is given as

(29)

From Eqs. (17) and (29), we can write the expression for in-
cremental strain and curvature as

The matrix [H] is given as

( d e } = (30)

Substituting Eq. (31) in Eq. (30), we get

where [AQ] is the same matrix as in linear infinitesimal strain
analysis, and [AL] depends upon the displacements.

The three components of the incremental displacement vec-
tor are related to the element DOF [qe] through the element
shape functions [N] as

(31)

(32)

Following a procedure similar to one outlined in Ref. 38, we
obtain

(33)

where [KT] is the tangent stiffness matrix, [qe] is the incre-
mental displacement vector and [pe] is the vector of unbal-
anced forces.

The tangent stiffness matrix is given as

(KT] =

(34)dO2

In Eq. (34), [D] is the stress-strain matrix, as described in an
earlier section. The second integral yields the incremental
stiffness matrix.

The matrix [G] is given by

(35)

[H]
r 1 0 0

0 1 0
0 0 1

The incremental load vector [pe] is given as

[B0 + BL (q)] r

(36)

dd2 (37)

where [pe] is the total applied load vector, and the second
term yields the total internal load vector.

The element matrices given in Eq. (33) can be assembled to
yield

(38)

The tangent stiffness matrix [KT] may or may not be updated
in every iteration cycle. In each step, iterations were continued
until the norm of incremental displacements and forces were
within 0.1% of the norms of total displacements and forces,
respectively.

Numerical Results
To evaluate the present formulations, a variety of shell

problems is chosen to study the phenomenon of membrane
locking and the comparison between Cartesian and curvilinear
displacement formulations. The results of linear static analysis
of a pinched cylindrical shell and a point-loaded hemispherical
shell are given first. Membrane locking in both these shells can
be pronounced.21 Nonlinear analyses of a semitoroidal bellows
and a hinged spherical cap are then performed using both the
curvilinear and the Cartesian formulations for each analysis.
The advantage of the Cartesian formulation is shown by
comparing the results with existing alternative solutions. The
results for snap-back of a cylindrical panel are presented to
demonstrate the versatility of the present element.

Hemispherical Shell Under External Pressure
Bushnell40 suggested the problem of a free hemispherical

shell pinched by a cos20 pressure distribution as a test case
to evaluate the performance of a given finite element. The
problem is ill-conditioned, since small forces cause large dis-
placements. The geometric data for the problem are shown in
Fig. 2. The material data are given as E = 107 psi, and v =0.3.

In this study, six different meshes (M xN = I x I , 2 x 1 ,
4 x 2 , 6 x 2 , 6 x 3 , and 8 x 3 ) were used to model a quarter of

8.0 r

Fig. 2 Convergence study for the 48-DOF thin-
shell finite element. Hemispherical shell under exter-
nal pressure.

o
Q
^ 6.0
I-

I-
LU

U 4.0

Q_

Q

_J 2.0

ct:o

BUSHNELL (1984)

(CUBIC u,v)

—— KHOJASTEH-BAKHT (1967)

(LINEAR u,v)

E=l07psi

40 80 120 160 200 240 280 320

DEGREES OF FREEDOM



FEBRUARY 1989 ACCURATE RIGID-BODY MODES FOR A CURVED THIN-SHELL ELEMENT 215

5 in

5 in.

Fig. 3 A pinched cylindrical shell.

R=IOin.
t=0.04in.

= 6.825xl07psi

/> free

Fig. 4 A point-loaded spherical shell.

the hemisphere, where M is defined as the number of ele-
ments in the meridional direction and N as the number of
elements in the circumferential direction. The present results
for maximum normal deflection at the free edge at 6 = 0 vs
mesh refinement are shown in Fig. 2, with only the converged
values obtained using the energy finite-difference method41

and the finite-element method using linear u and v and cubic
w, and cubic u, v, and w.40 A good agreement of results was
obtained.

Linear Analysis of a Pinched Cylindrical Shell
The cylinder shown in Fig. 3 was analyzed with a pair of

diametrically pinched loads of 10 Ib each. Because of double
symmetry of the shell, only an octant was modeled, and five
different meshes were used: 1x1 , 2 x 1 , 3 x 1 , 4 x 1 , and
5 x 1 , with the number of elements increasing in the circum-
ferential direction. The results were obtained for three
different orders of full integration for each mesh: 3 x 3 , 4 x 4 ,
and 5 x 5 . The results are shown in Table 1. The results appear
to be independent of the higher orders of quadrature, in-
dicating that the element does not suffer from membrane
locking.

Linear Analysis of Hemispherical Shell Subjected to
Concentrated Forces

Figure 4 shows an octant of a hemispherical shell subjected
to two equal and opposite loads. The octant is modeled using
four different meshes: 2 x 2, 4 x 4, 6 x 6, and 8 x 8. Results
were obtained using three different orders of full integration:
3 x 3 , 4 x 4 , and 5 x 5 . The results are shown in Table 2.
Again, the fact that the results do not deteriorate with an
increase in the order of integration indicates that the element
does not suffer from membrane locking.

Table 1 Radial displacement under load for a

Radial displacement,
Mesh
size

1 x 1
2x 1
3x 1
4x 1
5x 1

3 x 3
integration

0.4052 x 10~ l

0.3199 x 10-1

0.3934 x 10~ l

0.4175 x 1C"1

0.4251 x 10"1

4 x 4
integration

0.4384 x 10~3

0.2905 X 10- l

0.3805 X 10- l

0.4121 x 10"1

0.4229 X 10- l

pinched cylinder

in.

5 x 5
integration

0.4384 x 10~3

0.2819 x 10-1

0.3805 x 10- 1

0.4121 x 10-1

0.4229 x 10- l

Table 2 Radial displacement under load for a
point loaded spherical shell

Radial displacement, in.
Mesh
size

3 x 3
integration

4 x 4 (also 5 x 5 )
integration

2 x 2
4 x 4
6 x 6
8 x 8

0.3029 x 10~
0.8269 x 10~
0.9091 x 10
0.9262 x 10

0.1461 x 10-1

0.7802 x 10-l

0.8988 x 10"1

0.9215 x 10-1

0.6 in

5.705 in.

E=3xl06psi
i/ = O.I6
t = 0.04in.
<ry=l04psi

0.6 in.

Fig. 5 An axisymmetric semitoroidal bellows.

Semitoroidal Bellows Under Axisymmetric Load into the
Plastic Range

The axisymmetric semitoroidal bellows shown in Fig. 5 was
studied next. This structure has previously been analyzed by
Zienkiewicz and Nayak42 and Surana43 using axisymmetric
finite elements. The bellows is characteristic in that it has
regions of positive, negative, and zero Gaussian curvature.
This shell was assumed to be loaded to P = 600 Ib with plastic
deformations. Convergence study was made, and the effect of
rigid-body modes due to Cartesian displacement formulation
was observed.

The bellows was first analyzed using the curvilinear
displacement formulations. The percentage errors in displace-
ments were plotted against the increasing number of elements
in Fig. 6 using dotted lines. The results fail to converge to the
correct answer as the number of elements is sufficiently
increased. An investigation of the eigensolutions of each of
the elements used to model the bellows revealed that the
rigid-body motions along the axial directions were not
modeled properly in the region with nonzero Gaussian
curvature. Improper rigid-body motions can induce strains of
significant magnitude with respect to real straining modes,
leading to erroneous results.

The bellows was then analyzed using the Cartesian displace-
ment formulation. The results for percentage errors in
displacements with increasing number of elements were also
plotted in Fig. 6 using solid lines. It is seen that the results
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20

Fig. 6 Convergence study for curvilinear and
Cartesian formulations of 48-DOF shell element for
the elastic/perfectly plastic semitoroidal bellows un-
der load P = 600 Ib.
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Fig. 7 Load-displacement curve for a hinged spherical cap under
apex load.

converge quickly. This quick convergence of displacements
due to Cartesian displacement formulation was shown in
Ref. 44 for the elastic case. The present elastic-plastic example
further demonstrates the advantage of using Cartesian dis-
placement formulation.

Nonlinear Analysis of a Hinged Spherical Cap Under Apex Load
A spherical cap loaded at the apex and supported on a fixed

hinge at the circumference was considered. The material
properties of the cap are E = 107 psi, v = 0.3. This problem
has previously been considered by Argyris et al.45 using
flat-plate elements and by Parisch46 using flat QUAD4
elements and curved shell elements QUABC9.

The cap was analyzed using the present 48-DOF element.
Because of axisymmetry, only a 10-deg segment of the cap was

DISPLACEMENT (MM.)
4.0 8.0 12.0 16.0 20.0 24.0 28.0

— RAMM (1980)
, O 2 x 2 Elements for

a quadrant

Fig. 8 Load-deflection curve for a hinged cylindrical panel.

modeled and six elements were used. The results were obtained
for both the curvilinear and the Cartesian displacement
formulations. The solutions for both cases were plotted in
Fig. 7. Because of the softening behavior of the spherical cap,
this nonlinear analysis was done using a displacement-incre-
ment procedure instead of a load-increment procedure.

It is seen that the results obtained using both versions of the
present element are in agreement with the previous results.
Both the flat-plate elements and the present 48-DOF element
with Cartesian formulations accurately include the rigid-body
modes. The stiffer results are believed to be more accurate
than those obtained by using the curvilinear formulations,
which may be in error due to improper modeling of the
rigid-body modes. The capability to accurately include rigid-
body modes seems essential if the element has to be used for
problems that entail large displacements.47
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Shallow Cylindrical Shell Under Point Load
The element formulated in the Cartesian coordinates is used

to study the geometrically nonlinear behavior of a shallow
cylindrical shell under a concentrated load. The shell shown in
Fig. 8 is hinged at the longitudinal edges and is free along the
curved boundaries. The material properties are E = 3.101
kN/mm2 and v =0.3. The structure exhibits snap-through as
well as snap-back phenomena, with horizontal and vertical
tangents. The shell was analyzed by Sabir and Lock,48 who
used a combination of displacement- and load-control tech-
niques. This problem was also analyzed by Ramm,49 using
bicubic degenerated shell elements. Since the shell exhibits
snap-back phenomenon, the displacement increment proce-
dure cannot be used to obtain the load-displacement path.
Various other methods have been proposed to overcome this
difficulty. These include, among others, suppression of iter-
ations near limit points, the constant-arc methods of Wemp-
ner50 and Riks,51 and the current stiffness parameter method.52

The method of Wempner and Riks was employed here to
study the cylindrical shell. It may be noted that, in its original
form, the Riks-Wempner method renders the system of equa-
tions to be nonsymmetric and unbanded. To overcome this
limitation, a modified version of this method, based on the
displacement increment method of Batoz and Dhatt,53 was
suggested by Ramm.49

Because of symmetry, only a quarter of the shell was
modeled using a 2 x 2 mesh. An initial load step of 0.2 kN was
chosen, and the load steps were adjusted at each step by
relating the number of iterations «/ used in the previous step
to a desired value nd. Ramm49 suggested the use of factor
\]nd/rii to scale the previous load step. A value of nd = 7 was
used in this study. Such a scaling is especially useful in the
vicinity of the point of minimum load. This portion of the
load-displacement path is difficult due to an abrupt change of
response, for instance, here at point B.

The results were plotted in Fig. 8 for the load vs displace-
ment behavior at points A and B on the cylindrical shell. The
results are in good agreement with earlier results.

Concluding Remarks
The accurate representation of the rigid-body modes is

achieved for a 48-DOF arbitrarily curved, but not skewed,
thin-shell finite element by formulation using displacement
functions to interpolate the Cartesian displacement compo-
nents instead of the curvilinear displacement components. The
linear and nonlinear behaviors predicted by using the cur-
vilinear formulation may converge to the wrong solution due
to an appreciable straining caused by the zero-strain rigid-
body motions compared to the real straining modes. This
effect may be especially pronounced for a certain class of
highly curved shells and shells with negative Gaussian
curvature.

A curved-shell element is presented in this study which does
not suffer from the phenomenon of "membrane locking"
which is common in many curved elements. This may be due
to the use of the same high order for polynomials to describe
the inplane displacements as the normal displacement. A
highly nonlinear shell problem with snap-through and snap-
back has been presented to demonstrate further the versatility
of this element.
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